Let G be a group. The permutability graph of subgroups of G, denoted by Γ(G), is a graph having all the proper subgroups of G as its vertices, and two subgroups are adjacent in Γ(G) if and only if they permute. In this paper, we classify the finite groups whose permutability graphs are toroidal or projective-planar. In addition, we classify the finite groups whose permutability graph does not contain one of K 3,3 , K 1,5 , C 6 , P 5 , or P 6 as a subgraph.
Introduction
Various algebraic structures are subject of research in algebra. For example, groups, rings, fields, modules, etc. One of the ways to study properties of these algebraic structures is by using tools of graph theory. That is, by suitably defining a graph associated with an algebraic structure, we can study some specific algebraic properties of the structure by analyzing the graph and using graph-theoretic concepts. This has shown to be a fruitful approach in the field of algebraic combinatorics and, in the recent years, has been a topic of interest among researchers. In particular, there are various graphs that have been associated with groups. For instance, see [1, 10, 28] . Also, several recent papers [16, 19, 26] deal with embeddability of graphs, associated with algebraic structures, on topological surfaces.
In [3] , Aschbacher defined a graph corresponding to a group G as follows: for a fixed prime p, all the subgroups of order p in G are vertices of the graph, and two vertices are adjacent if the corresponding subgroups permute. In this direction, to study the transitivity of permutability of subgroups of groups, Bianchi et al. [5] defined a graph corresponding to a group G, called the permutability graph of the non-normal subgroups of G, having all the non-normal subgroups of G as its vertices and two vertices adjacent if and only if the two corresponding subgroups permute. They mainly focused on the number of connected components and the diameter of this graph. Further investigations on this graph can be found in [13, 6] . The authors in [21] consider a more general setting by associating a given group G with a graph denoted by Γ(G). The graph Γ(G) is called the permutability graph of subgroups of G, having the vertex set consisting of all proper subgroups of G, and two vertices H and K are adjacent in Γ(G) if and only if H and K permute in G. In [21] , the authors mainly classify the finite groups whose permutability graph of subgroups is planar. A natural question in this direction is to describe the groups having their permutability graph of subgroups of genus one, that is toroidal, or of nonorientable genus one, that is projective-planar. Another motivation for investigating the toroidality and projective-planarity of a permutability graph of subgroups of groups is to exhibit some structure of permutability of subgroups within a given group. In this paper, we solve these problems in the case of finite groups by classifying the finite groups whose permutability graph of subgroups is toroidal or projective-planar (see Theorem 5.1 in Section 5 below). In particular, we show that all the projective-planar permutability graphs are toroidal, which is not the case for arbitrary graphs (e.g., see pp. 367-368 and Figure 13 .33 in [17] ). As a consequence of this research, we also classify finite groups whose permutability graph of subgroups is in some class of graphs characterized by a forbidden subgraph (see Corollary 5.1), which is one of the main applications of these results for group theory. Finally, we formulate related questions for infinite groups.
Preliminaries and notation
In this section, we first recall some concepts, notation, and results in graph theory, which are used later in the subsequent sections. We use standard basic graph theory terminology and notation (e.g., see [27] ). Let G be a simple graph with a vertex set V and an edge set E. If any two vertices in G are adjacent, then it is called a complete graph. A complete graph on n vertices is denoted by K n . G is said to be bipartite if V can be partitioned into two subsets V 1 and V 2 such that every edge of G joins a vertex of V 1 to a vertex of
to every vertex of V 2 , then G is called complete bipartite and denoted by K m,n , where
A path connecting two vertices
possibly, u and v) such that u i is adjacent to u i+1 for all i = 0, 1, . . . , n − 1. A path is a cycle if u = v. The length of a path or a cycle is the number of edges in it. A path or a cycle of length n is denoted by P n or C n , respectively. We define a graph G to be X-free if it does not contain a subgraph isomorphic to a given graph X. G denotes the complement of a graph G, and, for an integer q ≥ 1, qG denotes the graph composed of q disjoint copies of G. For two graphs G and H, G ∪ H denotes a disjoint union of G and H, G + H denotes a graph with the vertex set composed of the vertices of G and H and the edge set composed of the edges of G and H plus all the edges uv such that u ∈ G and v ∈ H.
A graph is said to be embeddable on a topological surface if it can be drawn on the surface in such a way that no two edges cross. The (orientable) genus of a graph G, denoted by γ(G), is the smallest non-negative integer n such that G can be embedded on the sphere with n handles. A graph is planar if its genus is zero and toroidal if its genus is equal to one. For non-orientable topological surfaces (e.g., the projective plane, Klein bottle, etc.), the nonorientable genus of G is the smallest integer q such that G can be embedded on the sphere with q crosscaps, and it is denoted by γ(G). The projective plane is the sphere with one crosscaps, and can be represented by a disk with antipodal (opposite) points on its boundary identified. Respectively, a graph is projective-planar if its nonorientable genus is equal to one.
A topological obstruction for a surface is a graph G of minimum vertex degree at least three such that G does not embed on the surface, but G − e is embeddable on the surface for every edge e of G. A minor-order obstruction G is a topological obstruction with the additional property that, for each edge e of G, G with the edge e contracted embeds on the surface. Let v be a vertex of degree three in a graph G, adjacent to (distinct) vertices
Then a wye-delta transformation of G is the operation of deleting v and adding the edges of triangle with the vertex set {v 1 , v 2 , v 3 } in G. It is known that wye-delta transformations preserve embeddability of graphs in a given topological surface, i.e. they have embedding-hereditary properties (for example, see [2] ). In particular, the class of graphs embeddable on the torus (i.e. toroidal and planar graphs embedded on the torus)
is closed under wye-delta transformations.
The following results are used in the forthcoming sections.
Theorem 2.1. ( [27, Theorems 6.37, 6.38 and 11.19, 11.23] )
As a consequence of Theorem 2.1, one can see that γ(
Neufeld and Myrvold [20] have shown the following. Figure 1) .
Figure 1: The eight-vertex obstructions for the torus.
Gagarin et al. [12] have found all the toroidal obstructions for the graphs containing no subdivisions of K 3,3 as a subgraph. These graphs coincide with the graphs containing Figure 2 .
Notice that all the obstructions in Theorems 2.2 and 2.3 are obstructions for toroidal graphs in general, which are very numerous (e.g., see [12] ). In other words, for example, the obstructions with no K 3,3 's of Theorem 2.3 can be minors or subgraphs in non-toroidal graphs containing K 3,3 as a subgraph as well. Also, we remind here some notions and terminology of group theory. For any integer n ≥ 3, the Dihedral group of order 2n is given by
For any integer n ≥ 2, the generalized Quaternion group of order 2 n is given by
For any α ≥ 3 and a prime p, the Modular group of order p α is given by
. S n and A n are symmetric and alternating groups of degree n, respectively. We denote by ord n (a) the order of an element a ∈ Z n . The number of Sylow p-subgroups of a group G is denoted by n p (G). Recall that SL m (n) is the group of m×m matrices having determinant equal to 1, whose entries lie in a field with n elements, and that L m (n) = SL m (n)/H, where H = {kI|k m = 1}. For any prime q ≥ 3, the Suzuki group is denoted by Sz(2 q ).
Finite abelian groups
In this section, we classify the finite abelian groups whose permutability graph of subgroups is either toroidal or projective.
Note that the only groups having no proper subgroups are the trivial group and the groups of prime order. This implies that the graph Γ(G) is defined only when the group G is not isomorphic to the trivial group or a group of prime order.
First we recall the following basic result. 
Proof. We break the proof into two cases:
Case 1: Suppose G is cyclic, and |G| = p 
where
This implies Γ(G) is toroidal if and only if r = 5, 6, 7. This is true when one of the following holds:
(ii) k = 2 with α 1 = 3, α 2 = 1;
(iv) k = 3 with α 1 = α 2 = α 3 = 1.
Thus, for toroidal Γ(G), G is isomorphic to one of
Respectively, Γ(G) is projective-planar if and only if r = 5, 6. This is true when one of the following holds:
Thus, for projective-planar Γ(G), G is isomorphic to one of Z p α (α = 6, 7), Z p 3 q , Z pqr .
Case 2: Suppose G is non-cyclic. Then we split this case into the following subcases:
Then the number of proper subgroups of Z p × Z p is p + 1;
they are (1, 0) , and { (x, 1) | x ∈ {0, 1, . . . , p − 1}}. By Lemma 3.1, we have
It follows that Γ(G) is toroidal or projective-planar only when p = 5.
(2, 0), (0, 1) are the only proper subgroups of G. Therefore,
and so Γ(G) is toroidal and projective-planar. If p ≥ 3, then the proper subgroups
Then, by Subcase 2b, H together with its subgroups and N form K 8 as a 
, where k ≥ 3, p i 's are primes and at least two of them are equal (since G is non-cyclic, all the primes cannot be distinct here),
. . , k. Then, for some i and j, i = j, G has one of
By Subcases 2e, 2f above, the permutability graphs of subgroups of these groups are not toroidal or projective-planar. Thus, it follows that
Combining all the above cases together completes the proof.
Finite non-abelian groups
In this section, we classify the finite non-abelian groups whose permutability graph of subgroups is toroidal or projective-planar. We first consider the solvable groups, and then we investigate the non-solvable groups.
Solvable groups
Proposition 4.1. Let G be a non-abelian group of order p α , where p is a prime and
Proof. We divide the proof into two cases. ab permutes with a 3 b ; no two remaining subgroups permutes. Therefore,
Thus, Γ(G) has a subgraph A 1 shown in Figure 1 (edges a 2 b and a 2 a 2 b are removed, see Figure 3 ), which is a topological obstruction for the torus, and γ(Γ(G)) > 1. Moreover,
Figure 3: A topological obstruction for the torus.
If p = 2, then we have, up to isomorphism, only two groups, namely M p 3 and (
are proper subgroups of G. Since every pair of subgroups of a modular group permutes, 
is a subgraph of Γ(G) with bipartition
If G has a unique subgroup of order p,
and so a , a
If G is a non-abelian group of order pq, then, by Theorem 1.1, Γ(G) is planar, and it 
) Γ(G) is toroidal if and only if G is isomorphic to one of
Z 3 ⋊ Z 4 , Z 5 ⋊ Z 4 or a, b, c | a p = b p = c q = 1, ab = ba, cac −1 = b −1 , cbc −1 = ab l ,where0 −1 1 l has order q in GL 2 (p), p = 3, 5;(2)
Γ(G) is projective-planar if and only if G is isomorphic to either
Proof. Here we use the classification of groups of order p 2 q given in [9, pp. 76-80] . We have the following cases to consider:
Case 1a: p ∤ (q − 1). By Sylow's Theorem, it is easy to see that there is no non-abelian groups in this case.
Case 1b: p | (q − 1), but p 2 ∤ (q − 1). In this case, there are two non-abelian groups.
The first group is
shown in the proof of Proposition 3.4 in [22] that
it is a subgraph of K 6 . Therefore, Γ(G 1 ) is toroidal and projective-planar.
The second group in this case is
. In this case, we have both groups G 1 and G 2 from Case 1b together with the group
For the group G 1 , it is also possible to have q = 5 and p = 2 here. Then 
It is shown in the proof of Proposition 3.4
in [22] that
Consider the graph shown in Figure 5 , which is a subgraph of
Since wye-delta transformations preserve embeddability of graphs in the torus (e.g., see [2] ), the class of toroidal (and, respectively, planar) graphs is closed under wyedelta transformations. However, by using wye-delta transformations, we can transform the graph in Figure 5 to the graph B 4 of Figure 2 , which is an obstruction for the torus. It follows that γ(K 2 + 3K 1,3 ) > 1. Here Γ(G 4 ) also contains a subgraph shown in Figure 6 ,
Figure 5: A subgraph of
which is one of the obstructions for the projective plane (e.g., see Theorem 0.1 and graph D 1 of case (3.30) on p. 345 in [14] ). Therefore, γ(Γ(G 4 )) > 1. Next, we have the family of groups a, b, c | a
There are (q + 3)/2 isomorphism types in this family: one for t = 0, and one for each pair {x,
We will refer to all of these groups of order p 2 q as 
follows that Γ(G 5(t) ) has a subgraph isomorphic to A 1 of Figure 1 , which is an obstruction for the torus, and so γ(Γ(G 5(t) )) > 1. Also, Γ(G 5(t) ) contains a subgraph isomorphic to
Case 2c: q | (p + 1). In this case, we have only one group of order p 2 q, given by
has order q in GL 2 (p). G 6 has a subgroup isomorphic to Z p × Z p , and,
Therefore, we only need to investigate the cases p = 3 and p = 5. First, suppose G 6 has a subgroup of order pq. If p = 5, then H 1 := a , H 2 := b , H 3 := c , H 4 := a, b , Therefore, γ(Γ(G 6 )) > 1, γ(Γ(G 6 )) > 1 when p = 3 or 5.
If G 6 has no subgroup of order pq, then
has order q in GL 2 (p). In this case, G 6 has a unique subgroup of order p 2 , p + 1 subgroups of order p, p 2 subgroups of order q, and these are the only proper subgroups of G 6 . It follows that 
Putting all these cases together, the result follows. Proof. Let P denote a Sylow p-subgroup of G. We shall prove this result by induction on α. First we prove this when α = 3. If p > q, then n p = 1, by Sylow's theorem and
respectively. Therefore, it is enough to consider the cases when γ(Γ(P )) ≤ 1, γ(Γ(G)) ≤ 
By Propositions 3.1 and 4.1, we must have
Now, let us consider the case p < q and (p, q) = (2, 3). Here n q = p is not possible.
If n q = p 2 , then q|(p + 1)(p − 1) which implies that q|(p + 1) or q|(p − 1). However, this is impossible, since q > p > 2. If n q = p 3 , then there are p 3 (q − 1) elements of order q.
However, this only leaves p 3 q − p 3 (q − 1) = p 3 elements, and the Sylow p-subgroup must be normal, a case we already considered. Therefore, the only remaining possibility is that
By Propositions 3.1 and 4.1, we have
and 
P together with its proper subgroups forms K 7 as a subgraph of Γ(G). Since H := Z q is normal in G, P together with its proper subgroups and H 1 form K 8 as a subgraph of 
So, the result is true when α = 3.
Assume now α > 3 and the result is true for all the non-abelian groups of order p m q, m < α. We prove the result for α. If n p (G) = 1, then our group is isomorphic to P ⋊ Z q with γ(Γ(P )) ≤ 1. By Proposition 3.1, 
H 4 , H 5 , H 6 , H 7 be the subgroups of N of order p, p 2 , p 3 , q, pq, p 2 q, respectively. Here 
primes, then Γ(G) is toroidal and projective-planar if and only if
Proof. Here we use the classification of group of order p 2 q 2 given in [18] .
Let P and Q be a Sylow p-subgroup and Sylow q-subgroup of G, respectively. Without loss of generality, we assume that p > q. By Sylow's Theorem, n p = 1, q, q 2 . However, n p = q is not possible since p > q. If n p = q 2 , then p|(q + 1)(q − 1). This implies that p|(q + 1), which is possible only when (p, q) = (3, 2).
When (p, q) = (3, 2), then G ∼ = P ⋊ Q. 
subgroup of G, where c = Z q 2 . So, H 1 , H, and the subgroups of H form K 8 as a
, then we can use the same argument as above by taking
Now consider the case (p, q) = (3, 2). Up to isomorphism, there are nine groups of order 36. We investigate the toroidality and projective-planarity of permutability graphs of subgroups for each of these nine groups.
H 6 := b , H 7 := ba , H 8 := ba 2 , H 9 := ba 3 , H 10 := ba 4 are subgroups of G. Here H 1 , H 2 , H 3 are normal in G, so they permute with all the subgroups of G. It follows that Here H 1 , H 2 , H 3 permute with all the subgroups of G. It follows that K 3,7 is a subgraph of Γ(G). Hence γ(Γ(G)) > 1, γ(Γ(G)) > 1. 
we have K 3,7 as a subgraph in Γ(G) with bipartition X := {H 1 , H 2 , H 3 } and Y := {H 4 ,
Combining all the cases together, the result follows. Proof. We prove this result by induction on α + β. If α + β = 5, then |G| = p 2 q 3 . Since G is solvable, it has a normal subgroup N of prime index.
, then N together with its proper subgroups form K 8 as a subgraph of Γ(G).
, then, by (4.10), the subgraph generated by N and its proper subgroups in Γ(G) contains K 3,7 as a subgraph. It follows that γ(Γ(G)) > 1, γ(Γ(G)) > 1.
H 6 be the subgroups of N of order p, q, q 2 , q 3 , pq, pq 2 , respectively. Let P be a Sylow p-subgroup of G containing H 1 . Consider the subgroup H := P, H 2 of G. Here N together with its proper subgroups forms K 7 as a subgraph of Γ(G). Also, HH 4 = G, H 1 , H 2 are subgroups of H. It follows that these subgroups form a subgraph in Γ(G), which is isomorphic to A 1 of Figure 1 , so γ(Γ(G)) > 1, γ(Γ(G)) > 1.
Now assume that α + β > 5 and the result is true for all the non-abelian group of order p m q n , where m + n < α + β (m + n ≥ 5, m, n ≥ 2). We prove this result for α + β.
Since G is solvable, then G has a normal subgroup H with a prime index, say q, and so Proof. Since G is solvable, it has a Sylow basis {P , Q, R}, where P , Q, R are Sylow p, q, r-subgroups of G, respectively. We split the proof into several cases.
Case 1: If α = β = γ = 1, then consider the following subcases. Without loss of generality, we assume that p < q < r. Here the Sylow r-subgroup of G is always unique, i.e. n r = 1.
Subcase 1a: Suppose n p = n q = 1. Then G is abelian, which is not possible.
Subcase 1b: n p = 1 and n q = 1. Let P 1 , P 2 , P 3 be Sylow p-subgroups of G. Here Q, R are normal in G, and so QR is also normal in G. By [11, pp. 216-219] , G has q subgroups either of order pq or pr. If G has q subgroups of order pq, then Γ(G) contains K 3,7 as a subgraph with bipartition X := {Q, R, QR} and Y := {P 1 , P 2 , P 3 , QP 1 , QP 2 , QP 3 ,
If G has q subgroups of order pr, then Γ(G) contains K 3,7 as a subgraph with bipartition X := {Q, R, QR} and Y := {P 1 , P 2 ,
Subcase 1c: n p = 1 and n q = 1. Let P 1 , P 2 , P 3 be Sylow p-subgroups of G, and Q 1 , 
Case 2: If α = 2 and β = γ = 1, then H 1 := P Q, H 2 := P R are two proper subgroups of G of order p 2 q and p 2 r, respectively. Here P , Q, R, QR, H 1 , H 2 permute with each other. If P ∼ = Z p 2 , then G has subgroups of order p and pq, say H 3 and H 4 , respectively.
Here H 3 is a subgroup of H 4 , and they permute with P , of Figure 1 .
Case 3: If α = 3 and β = γ = 1, then H 1 = P Q, H 2 = P R are two proper subgroups of G of order p 3 q and p 3 r, respectively. Here P , Q, R, QR, H 1 , H 2 permute with each other; also, H 1 has subgroups of order p, p 2 , say H 3 , H 4 , respectively. However, H 3 is a subgroup of H 4 ; they permute with H 1 , H 2 , P . It follows that these subgroups form a subgraph in Γ(G) isomorphic to A 1 of Figure 1 . So, γ(Γ(G)) > 1, γ(Γ(G)) > 1.
Case 4: Suppose α+β+γ ≥ 5, and, without loss of generality, we assume that α ≥ β ≥ γ.
Consider the subgroup
By Propositions 3.1 and 4.4, we have here
, then, by Lemma 3.1, H together with its subgroups form Proof. Since G is solvable, it has a Sylow basis containing P , Q, R, S, where P , Q, R, S are Sylow p, q, r, s-subgroups of G, respectively. Then P , Q, R, S, P QR, P QS, P RS, 
A minimal simple group is a non-abelian group in which all of its proper subgroups are solvable. It is well known that any non-solvable group has a simple group as a subquotient, and every simple group has a minimal simple group as a sub-quotient. Therefore, if we can show that the minimal simple groups have non-toroidal (non-projectiveplanar) permutability graphs, then, by Corollary 4.1, the permutability graph of a nonsolvable group is non-toroidal (resp., non-projective-planar).
The classification of minimal simple groups is given in the following result. 
, where p is any prime;
, where p is an odd prime;
, where p is any prime exceeding 3 such that p 2 + 1 ≡ 0 (mod 5);
, where q is any odd prime. are normal in D 4n , it follows that K 4,5 is a subgraph of Γ(G). Therefore, γ(Γ(D 4n )) > 1,
Proof. As mentioned above, it is enough to investigate the toroidality and projectiveplanarity of permutability graphs of subgroups of minimal simple groups. 
It follows that K 4,5 is a subgraph of Γ(G) with bipartition X := {H 1 , H 2 ,
then L 2 (q p ) contains a subgroup isomorphic to (Z q ) p , namely the subgroup of matrices of the form ( 1 a 0 1 ) with a ∈ F q p . By Proposition 3.1, 
. We have to consider two subcases:
Main results
By combining all the results obtained in Sections 3 and 4 above, we have the following general main result, which classifies the finite groups whose permutability graphs of subgroups are toroidal or projective-planar. The following result is a main application of the general results for group theory. Proof. In the proof of Theorem 5.1(1), when we observe that γ(Γ(G)) > 1, Γ(G) contains one of K 3,7 , K 4,5 , K 8 , A 1 = K 3 +(K 3 ∪K 2 ), or the graph of Figure 5 as a subgraph. In each of these cases, K 3,3 , K 1,5 , C 6 , P 5 and P 6 are subgraphs of Γ(G). Therefore, to classify the finite groups whose permutability graph of subgroups is one of K 3,3 -free, K 1,5 -free, C 6 -free, P 5 -free or P 6 -free, it is enough to consider the finite groups whose permutability graph of subgroups is either planar or toroidal. Thus, we need to investigate these properties only for groups given in Theorems 1.1 and 5.1(1).
By Theorem 1.1 and using (3.1), (3.2), (4.1), (4.3), (4.5), (4.8), the only groups G such that Γ(G) is planar and K 1,5 -free are Z p α (α = 2, 3, 4, 5), Z p α q (α = 1, 2), Z p × Z p (p = 2,
3), Q 8 , and S 3 . By Theorem 5.1(1) and using (3.1), (4.4), (4.7), (4.10), there is no groups G such that Γ(G) is toroidal and K 1,5 -free. Thus, the proof of (1) follows.
The proofs of parts (2), (3), (4) and (5) of this Corollary are similar to the proof of part (1) . Notice that the classification in parts (3) and (4) is an extension of the classification in part (2) , and the classification of part (5) is an extension of part (4).
Next, we consider the infinite groups. It is well known that the number of subgroups of an infinite group is infinite. Therefore, in particular, when G is an infinite abelian group, Γ(G) contains K 8 as a subgraph. Thus, we have the following result. We know of no examples of infinite non-abelian groups whose permutability graph of subgroups is toroidal or projective-planar. The question of their existence or nonexistence and the study of other graph-theoretical properties of the permutability graph of subgroups will be subjects of future work.
